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Part A

Answer any five gquestions,
Kack question carries weight 1.

1. Find all subgroups of Z; x Z, of urder 4.

!.\3

How many polynomials are there of degree <2 in Z.(x) ?

3. Show thal the polynomial x* + 1 is irreducible in Z4(x).
4. Wind the degree and a basis for @(V2, V6| aver Q(w"ﬂ.
5. Find two sylow 2-subgroups of 8, and show that they are conjugate,

6, Find all conjugates in C of ~1.l'r]L_;_,".fé over @
7. What is the order of GE{Q%'Ii}f Q) 7

8, The field K= Q(x@. 3, u'rg) is & finite normal extension of @, Find I?»[Q(JE+-.-"E]]_

Part B

Answer any five questions.
Each question carries weight 2.

9, Let {w.09,...,a,)eni_Gi. If o, is of finite order r; in G;, then show .that the order of
(ety, ¢ty @, ) Em_Gi 15 equal to the least commen multiple of all the r,.

10. Prove Lhat the polynomial x2 — 2 has no zeros in the rational numbers and thus 5 is not a

rational number.
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Show that a finite extension feld I8 of & field ' 15 an algebraic extension of T
Statc and prove fundamental theorem of algebra.
Let (¢ be finite group. Prove that G is a p-group it and only if |G| is a power of p.
If H and K are finite subgroups of G, show that

H ) K
'“K|=”|iﬂ'f.—ﬁ ||]I

If' E<F isasplitting field over ¥, show that every irreducible polynomial in F (s} having a zero
in E sphits i .

Show that every ficld of characteristic zero is porfeet.
(5 % 2 = 10)
Part U

Ansiwer any three questions.
Each question corries waight 5,

Let F be asubfield of a field E, let o be any element of E, and let # be an indeterminate. Prove that

~ themap p; : Flx] > E defined by b |20 +cx+... 25" |I =g — @yt + ... @0 is A homeomorphizm

of F lx] into E. Also show that §,{a)=a for ¢F and 4, {x)-«

ta)l State and prove Eisenstein criterion.

xl' -

1
{b} Show that the pelynomial §,(x) = is irreducible over @ for any prime p.

x_

Let F be a field and let £z} be a noo-constant polynomial in F [x]. Prove that there exists an
extension field E of F and an o € E such that fia) = 0.

(a) IiFisaficld of prime characteriatic p with algebraic closure F, then show that .7 _  has p"

distinet zeros in F .
(b) Let p be a prime and let nc Z7, Show that if E and E are fields of order phthen pog .
Let F be a finite fleld of characteristic p, then show that the map ¢p i F =+ F defined by o,(a) =a”

for @ e F 15 an automorphizm. Also show that F{ﬁp} =2,

Prove that every finite field is porfect.
{3%6=10)



