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Instructions: (Applicable for Private Registration, 2020 Admission Onwards) This question
paper contains two sections. Answer section | questions in the answer book provided. Section Il
Internal examination questions must be answered in the question paper itself. Follow the detailed
instructions given under section II.

SECTION I

Part A (Short Answer Questions)
Answer any eight questions.

Weight 1 each.

1. Define level set of a function f : U — R where U C R™"! and explain with an example

2. Define regular point of a smooth function f : U — R inan openset U C R™™ and find whether (0,0) is a regular point of
— 2 2
flz1,20) = xf + x5

vf

3. Describe the spherical image, whenn = 1, of 22 — 23 — ... — @2, = 4,21 > 0 oriented by N = Vi

4. Find the velocity, the acceleration and the speed of the parametrized curve a(t) = (cost,sint,2cost,2sint).

5. Prove that parallel transport is a linear map.

6. Define the derivative of a smooth vectorfield X on an open set U in R** with respect to a vector v € RZH ,p € U. Show that

Ve(X+Y)=V,X+V,Y.
7. Write a formula for finding curvature of a plane curve at the point p. Also define curvature of a plane curve.

8. Explain circle of curvature and center of curvature. Also define radius of curvature of a plane curve at the

point p.

9. Define global property. Explain with an example.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

et ade i

Define differential of a smooth map ¢ : U — R™, where U is an open set in R". Show that the value of the differential does ot depend

on the choice of parametrized curve.

(8x1=8 weightage)

Part B (Short Essay/Problems)
Answer any six questions.

Weight 2 each.

Let X be a smooth vector field on an open set U C R™™! and let p € U. Then prove that there exists an open interval I containing
0 and an integral curve  : I — U of X such that

(i)a(0) = p

(i) If 8: I — U is any other integral curve of X with 8(0) = pthen I < I and B(t) = a(t) forallt € T

Let S C R™! be a connected n-surface in R"*!. Show that there exists on S exactly two unit normal vector fields N; and Ns.
Verify that great circles are geodesics in the unit 2-sphere.

Let S be an n -surface in R"™*, let @ : T — S be a parametrized curve, and let X and Y be vector fields tangent to S along . Show
that

a) (X+Y)=X'+Y'

b) (fX)' = f'X + fX’ for all smooth functions f along c.

Define length I(«) of the parametrized curve o : T — R™"1. Show that length of a parametrized curve is invariant under

reparametrization.

fl}z 1?2
Let i be the 1-form on R? — {0} defined by n = — 2 _dx; + Zz—ldazg. Let C denote the ellipse a—; + sz = 1 oriented by its

2 2 2
| +Ty 1Ty

inward normal. Show that the 1-form 7 is not exact.

Find the normal curvature of the 1-sheeted hyperboloid —2? + z2 + 22 =1 in R® oriented by the inward normal vector field at

p=(0,0,1) and v = (p,0,1,0).
Find the orientation vector field along the parametrized torus ¢ in
R? : (6, ¢) = ((a + bcos ¢) cos b, (a + bcos @) sin b, bsin ¢).
(6x2=12 weightage)

Part C (Essay Type Questions)
Answer any two questions.
Weight 5 each.

Prove the Lagrange Multiplier theorem for an n-surface in R by stating the conditions. Hence find the
extreme points of the function g(z1, z2) = az? + 2bzyx2 + cx3 on the unit circle 22 + z2 = 1.

Given S is a compact connected oriented n-surface in R™™ exhibited as a level set ft (c) of a smooth
function f : R™** — R with 7 f(p) # 0, Vp € S. Is the Gauss map from S to the unit sphere S™onto ?
Explain.
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21. Prove that the Weingarten map L, is self-adjoint.

22. a) Define the second fundamental form of an oriented n-surface in R™™" at a point. When it is said to be positive definite, negative
definite and definite?
b) Prove that for each compact oriented n-surface 8 in R™ ™, there exists a point p such that the second fundamental form at p is

definite.

(2x5=10 weightage)
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